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Module 1 Overview

Prerequisite Concepts and SKills:

Domain

Range

Transformations of functions

Definition of exponential functions as equal differences over equal intervals (Integrated Math 1,
Module 3)

Finding an inverse of a function

Determining if two functions are inverses

Writing linear, exponential, and quadratic functions from contexts

Summary of the Concepts & Skills in Module 1:

Inverses of a function
Restricted domain
Inverse function notation
Definition of a logarithm
Symmetry of inverses

Content Standards and Standards for Mathematical Practice Covered:

Content Standards: F.BF.1, F.BF.4a, F.BF.4b, F.BF.4c, F.BF.4d, F.BF.5
Standards for Mathematical Practice:

1. Make sense of problems and persevere in solving them.

Reason abstractly and quantitatively.

Construct viable arguments and critique the reasoning of others.
Model with mathematics.

Use appropriate tools strategically.

Attend to precision.

Look for and make use of structure.

Look for and express regularity in repeated reasoning.

PN E W

Module 1 Vocabulary:

Inverse

Restricted domain
Logarithm

Vertical asymptote
One-to-one
Invertible

Concepts Used In the Next Module:

Inverses

Logarithms

Exponential functions
Features of functions
Exponential properties
Transformations of functions
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Module 1 - Functions and Their Inverses

1.1 Develops the concept of inverse functions in a linear modeling context using tables, graphs, and equations.
(F.BF.1, F.BF .4, F.BF.4a)

Warm Up: Pet Food

Classroom Task: Brutus Bites Back — A Develop Understanding Task

Ready, Set, Go Homework: Functions and Their Inverses 1.1

1.2 Extends the concepts of inverse functions in a quadratic modeling context with a focus on domain and range
and whether a function is invertible in a given domain. (F.BF.1, F.BF.4, F.BF.4c, F.BF.4d)

Warm Up: Function or Not a Function

Classroom Task: Flipping Ferraris - A Solidify Understanding Task

Ready, Set, Go Homework: Functions and Their Inverses 1.2

1.3 Solidifies the concepts of inverse function in an exponential modeling context and surfaces ideas about
logarithms. (F.BF.1, F.BF.4, F.BF.4c, F.BF.4d, F.BF.5)

Warm Up: Begin task

Classroom Task: Tracking the Tortoise - A Solidify Understanding Task

Ready, Set, Go Homework: Functions and Their Inverses 1.3

1.4 Uses function machines to model functions and their inverses. Focus on finding inverse functions and
verifying that two functions are inverses. (F.BF.4, F.BF.4a, F.BF.4b)

Warm Up: Inverse Functions

Classroom Task: Pulling a Rabbit Out of a Hat - A Solidify Understanding Task

Ready, Set, Go Homework: Functions and Their Inverses 1.4

1.5 Uses tables, graphs, equations, and written descriptions of functions to match functions and their inverses
together and to verify the inverse relationship between two functions. (F.BF.4a, F.BF.4b, F.BF.4c, F.BF.4d)
Warm Up: Multiple Representations of Inverse

Classroom Task: Inverse Universe - A Practice Understanding Task

Ready, Set, Go Homework: Functions and Their Inverses 1.5
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1.1 Warm Up
Pet Food

Carlos and Clarita need to provide nutritious food to the cats they are taking care of. They have spoken to
their uncle, who is a veterinarian, about this. He suggests that the cats get 30 grams of protein per day. The
two food brands they are giving to the cats (Tabitha Tidbits and Figaro Flakes) contain two different
amounts of protein. Tabitha Tidbits contain 2 grams per serving, whereas Figaro Flakes contain 6 grams per
serving.

Model the combinations of food servings possible in the space below (be sure to use labels):

17
16
15
14
13
12
11
10

= N W S~ g N O

Equation:

01234567 8 9 1111213141516 17
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1.1 Brutus Bites Back
A Develop Understanding Task

Remember Carlos and Clarita from Math 1? A couple of years ago, they started
earning money by taking care of pets while their owners were away. Due to their
amazing mathematical analysis and their loving care of the cats and dogs, Carlos and
Clarita have made their business very successful. To keep the hungry dogs fed, they must regularly buy
Brutus Bites, the favorite food of all the dogs.

Carlos and Clarita have been searching for a new dog food supplier and have identified two possibilities.
The first company which is located in their hometown, Canine Catering Company, sells 7 pounds of food for

$5.

Carlos thought about how much they would pay for a given amount of food and drew this graph:

9

Dollars
o

3 ’
yd

5
7

o 1 2 3 4 5 6 7 8 9
Pounds

1. Using function notation, write the equation of the function that Carlos graphed.
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Clarita thought about how much food they could buy for a given amount of money and drew this graph:
' /

Pounds
o [e)]
N\

5
rd

0 1 2 3 4 5 6 7 8 9
Dollars

2. Using function notation, write the equation of the function that Clarita graphed.

3. Write a question that would be most easily answered by Carlos’ graph. Write a question that would be
most easily answered by Clarita’s graph. What is the difference between the two questions?

4. What is the relationship between the two functions? How do you know?

5. Use function notation to write the relationship between the functions.
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Looking online, Carlos found a company that will sell 8 pounds of Brutus Bites for $6 plus a flat $5 shipping
charge for each order. The company advertises that they will sell any amount of food at the same price per
pound.

6. Model the relationship between the price and the amount of food using Carlos’ approach.

9

Dollars
o

8

0o 1 2 3 4 5 6 7

Pounds

7. Model the relationship between the price and the amount of food using Clarita’s approach.

’ |

Pounds
o

o 1 2 3 4 5 6 7 8 9
Dollars

5
rd

8. What is the relationship between these two functions? How do you know?

9. Use function notation to write the relationship between the functions.

10. Which company should Clarita and Carlos buy their Brutus Bites from? Why?
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1.2 Warm Up
Function or Not a Function

Determine if each relation is a function or not. Jusify your answers.

o o@m @ ©

A

1. 2. 3.
. Input | Output
’ 12 5
6 7 9
; 4 5
L e I -3 -2
L1 9 -1

- S L )

- N L )

Solve each each below. Simplify your answers as much as possible.

4, Y2x—1+6=28

6. 3(x+4)>*+8=35

8. 27* =381
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1.2 Flipping Ferraris
A Solidify Understanding Task

When people first learn to drive, they are often told that the faster they are driving,
the longer it will take to stop. So, when you drive on the freeway, you should leave
more space between your car and the car in front of you than you would if you were
driving slowly through a neighborhood. Have you ever wondered about the relationship between how fast
you are driving and how far you travel before you stop, after hitting the brakes?

1. What factors do you think might make a difference in how far a car travels after hitting the brakes?

There has actually been quite a bit of experimental work done to be able to mathematically model the
relationship between the speed of a car and the braking distance (how far the car goes prior to stopping after
the driver hits the brakes).

2. Imagine your dream car. Maybe it is a Ferrari 550 Maranello, a super-fast Italian car. Experiments have
shown that on smooth, dry roads, the relationship between the braking distance (d) and speed (s) is

given by d(s) = 0.03s2. Speed is given in miles/hour and the distance is in feet.

a. How many feet should you leave between you and the car in front of you if you are driving the Ferrari
at 55 mi/hr?

b. What distance should you keep between you and the car in front of you if you are driving at 100
mi/hr?

c. Ifanaverage car is about 16 feet long, about how many car lengths should you have between you and
that car in front of you if you are driving 100 mi/hr?

d. It makes sense to a lot of people that if the car is moving at some speed and then goes twice as fast,
the braking distance will be twice as far. Is that true? Explain why or why not.
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3. Graph the relationship between braking distance d(s), and speed (s), below. Use an equal scale on each
axis. Be sure to label your axes.

4. Describe all the mathematical features of the relationship between braking distance and speed for the
Ferrari modeled by d(s) = 0.03s2. Be sure to discuss features such as domain, range, intercepts,
maximum/minimum values, intervals of increase/decrease/constant.

5. What if the driver of the Ferrari 550 was cruising along and suddenly hit the brakes to stop because she
saw a cat in the road? She skidded to a stop and fortunately, missed the cat. When the driver got out of
the car, she measured her car’s skid marks. She found that her braking distance was 31 ft.

a. How fast was she going when she hit the brakes?

b. Ifshe didn’t see the cat until she was 15 feet away, what is the fastest speed she could travel before
hitting the brakes in order to avoid hitting the cat?
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6. Partofa police officer’s job is to investigate traffic accidents to determine what caused the accident and
which driver was at fault. Police officers measure the braking distance using skid marks and calculate
speeds using the mathematical relationships like we just examined. Police officers often use different
formulas to account for various factors such as road conditions and weather. Let’s go back to the Ferrari
on a smooth, dry road since we know the relationship. Create a table that shows the speed the car was
traveling based upon the braking distance.

7. Write an equation of the function s(d) that gives the speed the car was traveling for a given braking
distance.

8. Graph the function s(d) and describe its features. Use the same scale as you did in question 3. Be sure to
label your axes.

9. What do you notice about the graph of s(d) compared to the graph of d(s)? What is the relationship
between the functions d(s) and s(d)?
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10. Consider the function d(s) = 0.03s? over the domain of all real numbers. How does this graph, with an
expanded domain, change from the graph of d(s) in question #37?

11. How does changing the domain of d(s) change the graph of the inverse of d(s)?

12. Is the inverse of d(s) a function? Justify your answer.

13. How are functions and their inverses related to each other? Be sure to discuss relationships between
domain/range, graphs, and table of values.
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1.3 Tracking the Tortoise
A Solidify Understanding Task

14

You may remember a task from last year about the famous race between the tortoise and
the hare. In the children’s story of the tortoise and the hare, the hare mocks the tortoise

for being slow. The tortoise replies, “Slow and steady wins the race.” The hare says,
“We'll just see about that,” and challenges the tortoise to a race.

In the task, Tortoise and the Hare, we modeled the distance from the starting line that both the tortoise and
the hare travelled during the race. Today we will consider only the journey of the tortoise in the race.

Because the hare is so confident that he can beat the tortoise, he gives the tortoise a

1 meter head start. The

tortoise’s distance from the starting line, including the head start, is given by the function: d(t) = 2¢ (dis in

meters and tis in seconds).

The tortoise family decides to watch the race from the side lines so that they can see their darling tortoise

sister, Shellie, prove the value of persistence.

65
1. How far away from the starting line must the family be, to be located in
the right place for Shellie to run by 10 seconds after the beginning of the 60
race? After 20 seconds? 55
50
45
40
35
30
2. a. Describe the graph of d(t), Shellie’s distance at time t. What are the
important features of d(t)? 25
20
15
b. Graph d(t) at right. i
5

N

0 ' ' —
012345678910

3. Ifthe tortoise family plans to watch the race at 64 meters away from Shellie’s starting point, how long

will they have to wait to see Shellie run past?

4. How long must they wait to see Shellie run by if they stand 1024 meters away from her starting point?
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5. Draw a graph that shows how long the tortoise family will wait to see Shellie run by at a given location
from her starting point. Be sure to label your axes.

6. How long must the family wait to see Shellie run by if they stand 220 meters away from her starting
point? Use your graph to estimate this value if necessary.

7. Whatis the relationship between d(t) and the graph that you have just drawn? How did you use d(t) to
draw the graph in #57?
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8. Consider the function f(x) = 2*.

16

a. Complete the table of values for f(x) and use it to complete a table of values for the inverse, f ~1(x).

X f®)

W iIN | = O

b. Graph f(x) and f ~1(x) on the grid below. Also, graph the line y = x. Be sure to label the axes.

X

f

c. Why is the inverse of f(x) a function? That is, why is f(x) invertible? Explain.

d. Complete the table below with details of f(x) and f 1 (x).

f)

71

Domain

Range

x-intercept(s)

y-intercept

Describe any
asymptotes
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e. How does the domain and range of f(x) compare to f ~1(x)? What do you notice about the
intercepts? The asymptotes? Explain.

9. Iff(3) = 8, whatis f~1(8)? How do you know?

10. 1f £ (3) = 1.414, what is £ ~*(1.414)? How do you know?

11. If f(a) = b what is f~1(b)? Will your answer change if f (x) is a different function? Explain.

12. Mathematicians have come up with a way to express f ~1(x).If y = 2%, then the inverse is written
vy = log, x. In the notation, y = log, x, 2 is called the base and x is called the argument of the logarithm.

Using the relationship between f(x) and f ~1(x) you have explored in this task, we can define
logarithms as:

For all positive numbers b, where b # 1, and all positive numbers x, y = logy, x is equivalent to x = b”.
(Note the base of the exponent and the base of the logarithm are both b.)

Example: If £(5) = 32, then f~1(32) = 5.
If32 = 25 then 5 = log, 32.

Use this new notation to express your answers from questions 9-11 for f(x) = 2* (reminder, y = f(x)).
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1.4 Warm Up
Inverse Functions

18

1. Consider the function f(x) = x2. Graph f(x) and its inverse.

2. a.

Is f(x) invertible? In other words, is the inverse of f(x) a
function?

Express the inverse of f(x) = x? using an equation.

What restrictions must be made on the domain of f(x) in order
to be invertible? In other words, what restrictions must be
made on the domain of f(x) to ensure that its inverse is also a
function? List all possible restrictions.

Find the inverse of the function: g(x) = 2(x + 4)?> — 6

What restrictions must be made on the domain of g(x) in order
to be invertible? List all possible restrictions.

Graph g(x) with its restriction as well as the function g~1(x).

-8 -7

2 3 4

4. The vertical line test is used to determine if a graph represents a function. Explain how a horizontal line

could be used to determine if the inverse of a graph of a function is also a function?
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1.4 Pulling a Rabbit Out of a Hat
A Solidify Understanding Task

[ have a magic trick for you:

Pick a number, any number.

Add 6

Multiply by the result by 2

Subtract 12

Divide by 2

The answer is the number you started with!

People are often mystified by such tricks but those of us who have studied inverse operations and inverse
functions can easily figure out how they work and even create our own number tricks. Let’s get started by
figuring out how inverse functions work together.

For each of the following function machines, decide what function can be used to make the output the same

as the input number. Describe the operation(s) in words needed to produce equivalent inputs and outputs
and then write the inverse function symbolically. You may wish to choose other input values to verify your

. . 1
inverse function works (such as x = —10, 0, > 5).

Here’s a couple of examples:

Input Output

G=7 D > G7=2 > 7 O

f(x) =3x f_l(x)=§

In words: Take the output of 21 and divide it by 3 to get the original input of 7.

Input Output

C=7 D > L-5=D > 7D

f)=2x-5 @ =1

In words: Take the output of 9, add 5, then divide by 2 to get the original input of 7.

1.
Input Output
G D > > 7 D
fo) =%2 f7) =
In words:

SDUHSD Math 3 College Prep
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” Input Output
< > > 7 >
fG) =22 f) =
In words:
3.
Input Output
G=7 D > > 7D
fa)=2* F) =
In words:
4.
Input Output
G=7 D > > 7D
F) = (x - 37 F) =
In words:
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5.
Input Output
< > > 7D
Fo) =43 ) =
In words:
6.
Input Output
=7 D > > 7 O
FG) = 25— 10 FiG) =
In words:

7. The functions f(x) = 2x — 4 and g(x) = %x + 2 are inverses. What is the composition f(g (x))? What s
the composition g(f (x))?

8. What can be said about the domain and range of the function and its inverse from question 5?

SDUHSD Math 3 College Prep
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9. Each of these problems began with an input of x = 7. What is the difference between the x used as the
input for f(x) and the x used as the input for f ~1(x)?

10. In #4, could any value of x be used in f (x) and still give the same output from f~1(x)? Explain. What
about #57?

11. Based on your work in this task and other tasks in this module, what relationships exist between
functions and their inverses?
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1.5 Warm Up
Multiple Representations of Inverses

1. Complete each representation of the function and its inverse. Find the domain and range for both
functions. Then use composition of functions (f(f‘l(x)) and f‘l(f(x))) to verify that they are inverses.

f(x)=vx—5 7o) =
x f(x) x f()
Domain of f(x): Domain of f~1(x):
Range of f (x): Range of f~1(x):

Composition of functions:

— 1)) =

o)) =

T Y A U U N | s
L S S T S O L T~ T SR B SN S

2. Find f~1(x) for f(x) = —Vx — 5. Be sure to state the restricted domain of f(x) (if any is needed).

3. Find f~1(x) for f(x) = x% + 4,x > 0. Be sure to state the restricted domain of f(x) (if any is needed).
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1.5 Inverse Universe
A Practice Understanding Task

You and your partner have each been given a different set of cards. The instructions are:
1. Selecta card and show it to your partner.
2. Work together to find a card in your partner’s set of cards that represents the inverse
of the function represented on your card.
3. Record the cards you selected and the reason that you know that they are inverses in
the space below.
4. Repeat the process until all of the cards are paired up.

*For this task only, assume that all tables represent points on a continuous function.

Pair 1: Justification of inverse relationship:
Pair 2: Justification of inverse relationship:
Pair 3: Justification of inverse relationship:
Pair 4: Justification of inverse relationship:
Pair 5: Justification of inverse relationship:

SDUHSD Math 3 College Prep
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Pair 6: Justification of inverse relationship:
Pair 7: Justification of inverse relationship:
Pair 8: Justification of inverse relationship:
Pair 9: Justification of inverse relationship:
Pair 10: Justification of inverse relationship:
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In the space below, address the following:

What does it mean to “justify an inverse relationship?” In other words, how can you tell if two relationships
are inverses? Be sure you explain how using tables, graphs, and equations can be used to “justify an inverse.”
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2

Name Functions and their Inverses | 1.1

Ready, Set, Go!

Ready

Topic: Inverse operations

Inverse operations “undo” each other. For instance, addition and subtraction are inverse operations. So are
multiplication and division. In mathematics, it is often convenient to undo several operations in order to
solve for a variable.

In the middle column below, describe what happens to a number when plugged in for the variable x
on the left side of the equation. In the right column below, describe the steps needed to solve for x in
each equation. The first one has been done for you as an example.

Describe Operations on x Describe Solving for x

1. 3x=24 Multiply by 3. Divide by 3 on both sides.

3. x+17=20

7. (x—9)%2 =49

8. How are the descriptions for each problem above related? What similarities do you see in the operations
being used on x and how to solve for x? What about the order?
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Topic: Writing square root functions and finding the inverse.

Find the inverse equation and state the domain and range of the original function and its inverse.

9.

41

Equation for f(x): f(x) = Vx — 2
Domain of f (x):

Range of f (x):

Equation for £~ (x):

Domain of £~ (x):

Range of f~1(x):

SDUHSD Math 3 College Prep
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Equation for f(x): f(x) =vVx+3—4
Domain of f(x):

Range of f(x):

Equation for f~1(x):

Domain of f~1(x):

Range of f~1(x):



Set

Topic: Linear functions and their inverses

Carlos and Clarita have a pet sitting business. When they were trying to decide how many dogs and how
many cats they could fit into their yard, they made a table based on the following information. Cat pens
require 6 ft2 of space and the dog runs require 24 ft2. Carlos and Clarita have up to 360 ft? available in the
storage shed for pens and runs, while still leaving enough room to move around the cages.

They quickly realized that they could have 4 cats for each dog, so they counted the number of cats by 4.

Cats| O 4 8 12 | 16 | 20 | 24 | 28 | 32 | 36 | 40 | 44 | 48 | 52 | 56 | 60
Dogs| 15 | 14 | 13 | 12 | 11 | 10 9 8 7 6 5 4 3 2 1 0

11. Use the information in the table to write 5 ordered pairs that have cats as the independent variable and
dogs as the dependent variable.

12. Write an explicit equation that shows how many dogs Carlos & Clarita can accommodate based on how
many cats they have. (The number of dogs “d” will be a function of the number of cats “c” or d = f(c).)

13. Use the information in the table to write 5 ordered pairs that have dogs as the independent variable and
cats as the dependent variable.
14. Write an explicit equation that shows how many cats Carlos & Clarita can accommodate based on how

many dogs they have. (The number of cats “c” will be a function of the number of dogs “d” or ¢ = g(d).)

15. Look back at questions 11 and 13. Describe how the ordered pairs are different.

16. Look back at the equations you wrote in questions 12 and 14. What relationships do you see between

them? Hint: Consider the numbers in the equations.

17. What do the domain and range for each equation you wrote in questions 12 and 14 represent?
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Go

Topic: Using function notation to evaluate a function.

The functions f(x), g(x), and h(x) are defined below.

fX)=x+4 g(x) =5x—12 h(x)=x2+4x—-7
Calculate the indicated function values. Simplify your answers.

18. £(10) 19. f(a) 20. f(a+b)
21. g(—2) 22. h(10) 23. h(=2)
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Name

Functions and their Inverses

6
1.2

Ready, Set, Go!

Ready

Topic: Solving for a variable.

Solve for x:
1. 17=5x+2

2. 2x*2—-5=3x%2—-12x+31

4, V2x24+x-2=2

6. V352 =3VY7x2+9

8. 9% =243

10. 4% = X
32

SDUHSD Math 3 College Prep

3. 11=+2x+1
5. —4=35x+1
7. 5% = 3125
9, 5% =_—

125
11.3-2% =96



Set

Topic: Exploring inverse functions.

12. Students were given a set of data to graph and were asked to work independently. After they had
completed their graphs, each student shared his graph with his partner. When Ethan and Emma saw
each other’s graphs, they exclaimed together, “Your graph is wrong!” Neither graph is wrong. Explain
what Ethan and Emma have done with their data.

Ethan’s graph: Emma’s graph:

+

13. Describe a sequence of transformations that would take Ethan’s graph onto Emma’s.

14. A baseball is hit upward from a height of 3 feet and an ve]
initial velocity of 80 feet per second (about 55 mph). 100 s3n
The graph shows the height of the ball at any second
during its flight. Use the graph to answer the questions
below.

LY

67 1t

Lo

Haight in feet

a. Approximate the time that the ball is at its maximum
height.

b. Approximate the time that the ball hits the ground.

an

c. Atwhattime(s) is the ball 67 feet above the ground? 1) * Time in saconds \

d. Make a new graph that shows the time when the ball e. Isyour new graph a function? Explain.
is at the given heights.

10
a4

a4

8 f.  What domain restriction would make the
2 inverse a function?

Tiene in seconds

b (L= 0 &0 5} &l T Bl g0 0D
Huight i feet
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Go

Topic: Using function notation to evaluate a function.

The functions f(x), g(x), and h(x) are defined below. Use these functions for questions 15 to 23.
Simplify your answers.
f(x) =3x gx) =10x + 4 h(x) =x* —x

Calculate the indicated function values.
15. f(7) 16. h(—9) 17. g(s) 18. g(s — t)

Notice that the notation f (g (x)) is indicating that you replace the x in f(x) with the g(x) function.
Example: f(g(x)) = f(10x + 4) = 3(10x + 4) = 30x + 12

Simplify the following.

19. f(h(x)) 20. h(f(2)) 21. g(f(x))

22. Find the inverse of f(x) 23. Find the inverse of g(x) 24.If j(x) = x2 + 3, find j 71 (x)
Reminder, the inverse of f(x) Be sure to restrict the
is f71(x). domain to make j~1(x) also

a function.
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Name Functions and their Inverses | 1.3

Ready, Set, Go!

Ready

Topic: Solving exponential equations

Solve for the value of x.

1. 5x+1 — 52x—3 2. 73x—2 — 7—2x+8 3. 43x — 22x—8

4. 35x—5 — 92x—3 5. 8x+1 — 22x+3 6. 25x — i 7. 3x+1 — i
125 81

Set

Topic: Writing the logarithmic form of an exponential equation.

Definition of Logarithm:
For all positive numbers b, where b #+ 1, and all positive numbers x, y = log, xmeans the same as x = b?.
(Note the base of the exponent and the base of the logarithm are both b.)

8. Why is it important that the definition of logarithms states that the base of the logarithm does not equal
1?

9. Why is it important that the definition states that the base of the logarithm is positive?

10. Why is it necessary that the definition states that x in the expression log, x is positive?
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Write the following exponential equations in logarithmic form and the given logarithmic equation in

exponential form.

Exponential form Logarithmic form
11. 5* = 625
12. logz; 9 =2
1\ -3
13.(3) =8
14. log,, 10000 = 4
15.472 =~
16
16. log,e” =7
17.a” = x
18. Compare the exponential form of an equation to the logarithmic form of an equation. What part
of the exponential equation is the answer to the logarithmic equation?

Go

Topic: Evaluating functions.

The functions f(x), g(x), and h(x) are defined below.

f(x) =-2x gx) =2x+5

h(x) =x*+3x—-10

Calculate the indicated function values. Simplify your answers.

19. f(a) 20. f(b*)

SDUHSD Math 3 College Prep

21. g7 1(x) 22. f(g(x))



Topic: Transformations of exponential functions

Describe the transformations of each graph from the one given. Then, write the equation of the graph.

23.
Q0 8 -7 -6 -5 -4
-8
Description:
g(x) =

SDUHSD Math 3 College Prep
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Description:

gx) =

o
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Name Functions and their Inverses | 1.4

Ready, Set, Go!

Ready

Topic: Properties of exponents

Use the product rule or the quotient rule to simplify. Leave all answers in exponential form with only
positive exponents. Express solutions using the smallest base possible.

x3 xxx 1
Reminder: x3-x5=(x-x-x)-(x-x-x-x-x) =18 B Grrrn 22
x3 . x5 = x(3+5) — ,8 % C T W S |
X X
1. 36.3° 2. 23.27 3. 7276
4, 107*-107 5. 52.57¢ 6. p’p° 7. 26.273.2
5 8 5
8. b'pS 9. = 10. = 1.2
7 9 3
7_4 p_3 X7
12. pary 13. > 14. por
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Topic: Inverse functions

15. Given the functions f(x) =vx —land g(x) = x2 + 7

a. Calculate f(16) and g(3)

b. Write f(16) as an ordered pair. Write g(3) as an ordered pair.

c. What do your ordered pairs for f(16) and g(3) imply?

d. Find £(25).

e. Based on your answer forf (25), predict g(4).

f.  Find g(4). Did your answer match your prediction?

g. Are f(x) and g(x) inverse functions? Justify your answer.

Match the function in the left column with its inverse in the right column.

__16.

__17.

__18.

__19.

__20.

_21.

__22.

fx)
FX)=3x+5
flx) = x°
fx)=3Vx-3
fG) =x
f@) =5*

f(x) =3(x+5)
flx) =3*

SDUHSD Math 3 College Prep
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f7(x) = logsx

fe) =3x
[ =52
fro=3-5

f1(x) =logzx
flx) =x>+3

[ = Vx
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Go

Topic: Composite functions and inverses

Calculate f(g(x)) and g(f(x)) for each pair of functions. (Note: the notation (f - g)(x) and (g ° f)(x)
mean the same thing as f(g(x)) and g(f(x)), respectively.)

23. f(x) =2x+5 g(x) = xT‘S 24. f(x) = (x +2)3 g(x) =3x -2

4(x—6)

25.f(x)=%x+6 g(x):T 26. f(x) =3x—6 g(x)=§x+2

Match the pairs of functions above (#23-26) with their graphs. Label f(x) and g(x).

a. . b.

27. Graph the line y = x on each of the graphs. What do you notice?
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28. Do you think your observations about the graphs in #27 has anything to do with the answers you got
when you found f(g(x)) and g(f (x))? Explain.

29. Look at graph b. Shade the 2 triangles made by the y-axis, x-axis, and each line. What is interesting about
these two triangles?

30. Shade the 2 triangles in graph d. Are they interesting in the same way? Explain.

31. What do you notice about your calculated values of f(g(x)) and g(f(x)) in questions 23-26? How does
this relate back to question 277

SDUHSD Math 3 College Prep
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Name Functions and their Inverses | 1.5

Ready, Set, Go!

Ready

Topic: Properties of exponents

Use properties of exponents to simplify the following. Write your answers in exponential form with
positive exponents. Use the smallest base possible in your solution.

1. ¥32-49-327 2. V8-316-32 3. (52)3
4. Vx?-Vx3 5. Vx-Vx-x 6. Ya-Va?z- Vb3
Set

Topic: Writing inverses

Write the inverse of each function below. Be sure to restrict the domain where necessary.

7. f(x)=3x—6 8. g(x)=§x+12 9. h(x)=vx+7

SDUHSD Math 3 College Prep



Topic: Representations of inverse functions

Write the inverse of the given function in the same format as the given function.

Function f(x)

Inverse f~1(x)

10. x JA€9)
X f)
-8 0
—4 3
0 6
4 9
8 12
11.
12. f(x) = —2x+ 4
13. f(x) = logz x
14.
15. 1 1
x | fO) ] x | f7)
0] O
1 1
2 4
3] 9 -
4] 16 i
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Go

Topic: Composite functions

Calculate f(g(x)) and g(f(x)) for each pair of functions.
(Note: the notation (f o g)(x) and (g © f)(x) mean the same thing, respectively.)

16. f(x) =3x+7;g(x) = —4x — 11 17. f(x) = —4x + 60; g(x) = —%x + 15

18. f(x) = 10x —5; g(x) =§x+3 19. f(x) = —§x+4; glx) = —;x+6

20. Look back at your calculations for f(g(x)) and g(f(x)). Two of the pairs of equations are inverses of
each other. Which ones do you think they are? Why?

21. Given f(x) = 2*.

a. Whatis f71(x)? b. What would f(f~*(x)) look like before it is simplified?

22. Complete the table using the definition of a logarithm: b* = a < log,a = x

Exponential From Logarithmic Form
2¥ =7
log,9 =x
satb — 10
logzox =8
62 = (2x + 8)
log, 12 = 20
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Module 2 Overview

Prerequisite Concepts & SKills:
Finding inverses

Know that inverses are reflections over y = x

Graph and translate exponential functions
Transformations of functions

Domain and range

Solving exponential equations by making bases equal
Simple interest

Summary of the Concepts & Skills in Module 2:
Evaluating logarithmic expressions

Graphing logarithmic functions

Using proper logarithmic notation

Expanding and condensing logarithms using logarithmic properties
Solving logarithmic equations

Solving exponential equations using logarithms

Content Standards and Standards of Mathematical Practice Covered:

Content Standards: F.BF.5, F.LE.4, F.LE.4.1, F.LE.4.2, F.LE.4.3, F.IF.7¢, F.IF.8
Standards of Mathematical Practice:

1.

PN AN

Make sense of problems & persevere in solving them

Reason abstractly & quantitatively

Construct viable arguments & critique the reasoning of others
Model with mathematics

Use appropriate tools strategically

Attend to precision

Look for & make use of structure

Look for & express regularity in repeated reasoning

Module 2 Vocabulary:

Logarithmic functions e Compound interest

Base e Principal

Argument of a logarithm e Growth

Log of a product rule e Decay

Log of a quotient rule e Equality property of logarithms

Log of a power rule

Concepts Used in the Next Module:

Graphing polynomial functions
Features of polynomial functions
Expanding binomials
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Module 2 - Logarithmic Functions

2.1 Evaluate and compare logarithmic expressions (F.BF.5, F.LE.4)
Warm Up: Inverses and Solving Exponential Equations
Classroom Task: Log Logic - A Develop Understanding Task
Ready, Set, Go Homework: Logarithmic Functions 2.1

2.2 Graph logarithmic functions with transformations (F.BF.5, F.IF.7e)
Warm Up: Graphing Exponential and Logarithmic Functions
Classroom Task: Falling Off A Log - A Solidify Understanding Task
Ready, Set, Go Homework: Logarithmic Functions 2.2

2.3 Graph logarithmic functions with transformations (F.BF.5, F.IF.7e)
Warm Up: Graphing Logarithmic Functions

Classroom Task: Falling Off Another Log - A Solidify Understanding Task
Ready, Set, Go Homework: Logarithmic Functions 2.3

2.4 Develop understanding of the properties of logarithms (F.IF.8, F.LE.4, F.LE.4.1 CA, F.LE.4.3 CA)
Warm Up: Simplifying Exponents

Classroom Task: Chopping Logs (Part 1) - A Solidify Understanding Task

Ready, Set, Go Homework: Logarithmic Functions 2.4

2.5 Develop understanding of the properties of logarithms (F.IF.8, F.LE.4, F.LE.4.1 CA, F.LE.4.3 CA)
Warm Up: Transformations of Logarithmic Functions

Classroom Task: Chopping Logs (Part 2) - A Solidify Understanding Task

Ready, Set, Go Homework: Logarithmic Functions 2.5

2.6 Use log properties to evaluate expressions (F.IF.8, F.LE.4, F.LE.4.3 CA)
Warm Up: Begin Task

Classroom Task: Log-Arithm-etic - A Practice Understanding Task
Ready, Set, Go Homework: Logarithmic Functions 2.6

27 Solve exponential and logarithmic equations in base 10 using technology (F.LE.4, F.LE.4.2 CA, F.LE.4.3 CA)
Warm Up: Change of Base

Classroom Task: Powerful Tens - A Practice Understanding Task

Ready, Set, Go Homework: Logarithmic Functions 2.7

2.8 Module 2 Review (F.LE.4, F.LE.4.3 CA, F.BF.5, F.IF.7e, F.IF,8)
Warm Up: Exponential Equations

Classroom Task: Log Rolling

Ready, Set Homework: Logarithmic Functions 2.8
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2.1 Warm Up
Inverses and Exponential Equations

Graph each function over the domain {—4 < x < 4}.

1. y=3* 2. y=2-3%

18 18
a7 7
8 L]

14 14
12 12

a1 i1
o 10

® - @
o @~ @

For questions 5-6, solve each equation.

5. 2¥ =64 6.

SDUHSD Math 3 College Prep
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a7
8

14

12

a1
o

® - @

73%%2 = 2401
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2.1 Log Logic
A Develop Understanding Task

We began thinking about logarithms as inverse functions for exponentials in
Tracking the Tortoise. Logarithmic functions are interesting and useful on their
own. In the next few tasks, we will be working on understanding logarithmic
expressions, logarithmic functions, and logarithmic operations on equations.

We showed the inverse relationship between exponential and logarithmic functions using a diagram like
the one below:

Input Output

fx) =2% f7H(x) =logy x

We could summarize this relationship by saying:
23 =850, log,8=3

Logarithms can be defined for any base used for an exponential function. Base 10 is common. Using base 10,
you can write statements like these:

101 =10 so, logp10=1
102 =100 so, log;,100 =2

103 = 1000 so, logy, 1000 = 3

The notation is a little strange, but you can see the inverse pattern of switching the inputs and outputs.

The next few problems will give you an opportunity to practice thinking about this pattern and possibly
make a few conjectures about other patterns that you may notice with logarithms.

SDUHSD Math 3 College Prep
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Place/label the following expressions on the number line. Use the space below the number line to explain
how you knew where to place each expression.

1. Alogs3 B.log; 9 C. log3§ D.logs 1 E. 10g3§
¢ | | | | | | | | | N
N I I I I | | | | | ?
S5 4 3 -2 A 1 2 4 5
Explain:
2. A.log;81 B.log;, 100 C.logg 8 D.logs 25 E.log, 32
¢ | | | | | | | | | N
N I I I I | | | | | ?
S5 4 3 -2 A 1 2 4 5
Explain:
3. Alog,7 B.logg 9 C.log{1 1 D.logqo 1
¢ | | | | | | | | | N
N I I I I | | | | | ?
5 4 3 -2 A 1 2 4 5
Explain:
1 1 1
4. A.log, (Z) B.logq, (1000) C.logs e D.loge -
¢ | | | | | | | | | N
N I I I I | | | | | ?
S5 4 3 -2 A 1 2 4 5
Explain:
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5. Alog, 16 B.log, 16 C.logg 16 D.log4 16
¢ | | | | | | | | | N
N I I I I | | | | | ?
5 4 3 -2 4 0 2 4 5
Explain:
6. A.log,5 B.logs 10 C.logg 1 D.logs 5 E.log1¢ 5
¢ | | | | | | | | | N
N I I I I | | | | | ?
S5 4 3 -2 A 0 2 4 5
Explain:
7. A.logqo50 B.logqy 150 C.log10 1000 D.log44 500
¢ | | | | | | | | | N
N I I I I | | | | | ?
S5 4 3 -2 A 0 2 4 5
Explain:
1\? 2\ 2 40 1\ 1 3\3
8. A.logi(= B.logz (= C.logs (= D.log: (= E.logs (-
A0 e: (%) e: 5) A0 e: (5)

M

Explain:

~
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Based on your work with logarithmic expressions, determine whether each of these statements is always
true, sometimes true, or never true. If the statement is sometimes true, describe the conditions that make it
true. Explain your answers.

9. The value of logy, x is positive.
Selectone: always true sometimes true never true

Explain:

10. logy, x is not a valid expression if x is a negative number.
Select one: always true sometimes true never true

Explain:

11. log, 1 = 0 for
a. 0<bhb<1
Select one:
always true
sometimes true
never true

Explain:

12. log, b = 1 for
a. 0<bhb<1
Select one:
always true
sometimes true
never true

Explain:

b. b>1
Select one:
always true
sometimes true
never true

Explain:

b. b>1
Select one:
always true
sometimes true
never true

Explain:

13. log, x > log; x for any value of x.
Select one: always true sometimes true never true

Explain:
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14. log, b™ = n for

a. 0<b<1 b. b>1
Select one: Select one:
always true always true
sometimes true sometimes true
never true never true
Explain: Explain:

15. What type of numbers are always allowed to be a base? Explain.

16. What type of numbers are always allowed to be an argument? Explain.
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2.2 Warm Up

Graphing Exponential and Logarithmic Functions

10

Complete the table of values to graph the exponential function. Then fill in the table of values for its inverse

function (logarithmic function). Graph and label both functions on the same set of axes.

fx) =2%

X f&)

-2

-1

0

1

2
5
4
3
2
|

5 -4 -3 -2 - 00
-1
-2
-3
-4
-5

SDUHSD Math 3 College Prep
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2.2 Falling Off A Log
A Solidify Understanding Task

1. Construct a table of values and a graph for each of the following functions.

Be sure to select at least two values in the interval 0 < x < 1.

a. f(x)=logszx

i
=3
=

W s

o =

1

1

1

2

1

3

1

4

1

5

1

6

1

7

1

8

N

-1

-2

-3

-4

b. g(x) =log,x

R W s

o =

N

-1

-2

-3

-4

c. p(x)=logipx

1

1

1

2

1

3

1

4

1

5

1

6

1

7

1

8

~

-2

-3
-4
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d. g(x) =logix
2

~

2. How did you decide what values to use for x in your table?

3. How did you use the x-values to find the y-values in the table?

4. What similarities do you see in the graphs?

5. What differences do you observe in the graphs?

6. How does changing the base on a logarithm affect the graph?

SDUHSD Math 3 College Prep

12



13

Let’s focus now on p(x) = log;, x so that we can use technology to observe the effects of changing
parameters on the function. Because base 10 is a very commonly used base for exponential and logarithmic
functions, it is called the common logarithm and written without the base, like this: p(x) = log x.

7. Use technology to graph y = log x. How does the graph compare to the graph that you constructed in
question 1c?

8. How do you predict that the graph of y = log x + k will be different from the graph of y = log x?

9. Testyour prediction by graphing y = logx + k for various values of k. What is the effect of k? Make a

general argument for why this would be true for all logarithmic functions.

10. How do you predict that the graph of y = log(x — h) will be different from the graph of y = log x?

11. Test your prediction by graphing y = log(x — h) for various values of h.
a. Whatis the effect if h is positive?

b. What will be the effect if h is negative?

c. Make a general argument for why this is true for all logarithmic functions.
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2.3 Warm Up
Graphing Logarithmic Functions

14

Graph each logarithmic function below.

L f(x) = logy(x)

2. gx)=1+1log,(x)

I G S

3. f(x) =logy(x—1)

F O O S

.
3
2
1
0

3 -2 1 0 4 10 11 12 13 14 15 16 17 18 19
-1
2
-3
-4

4. g(x) =3 +log,(x+2)

.
3
2
1
0

3 -2 1 0 4 10 11 12 13 14 15 16 17 18 19
-
-2
-3
-4
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2.3 Falling Off Another Log
A Solidify Understanding Task

1. Write an equation for each of the following functions. These graphs are
transformations of f(x) = log, x, which you graphed in the warm up.

d.
"~ l
4
__..—-'—'
3 |
el
2.7»""
1
Lo .
-3 F2 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
l -1
-2
-3
-4
4
3
_-____._-——
2 e
el
-
1 L~

N

-1

A

J]

2. Graph and label each of the following functions:
a. f(x)=log,(x+1)—-3 b. g(x) =1+log,(x —4)

A b b LY os v oo s
A b b LY os v oo s

3. How do the transformations of logarithmic functions change the domain, range, and asymptotes?
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4. Without graphing, describe the vertical and horizontal translations of f(x) = logs(x).
a. f(x)=logz(x—4)+2 b. g(x) =5—-logs(x +7)

5. Carlos wants to graph y = log;(x). He starts by creating the table below, but is stuck because he does not
have a calculator.

a. What advice would you give to him about his chosen x-values in the table?

x =2 -1 0 1 2 3 4 5 6 7

y

b. Create a table of values for y = logs(x) that can be completed without the use of a calculator.
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2.4 Warm Up
Simplifying Exponents

17

Simplify each expression using properties of exponents.

1. (2x°y®)(8x2y7) 2. (3x%y*)?

4. Graph and label each of the following functions:
a. f(x)=logs(x+2)—2

F O A S
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18x6y*
24x8y

b. g(x) =3 +log,(x —4)

4 15 1

6 17 1

8 19

F O A S




2.4 Chopping Logs (Part 1)
A Solidify Understanding Task

Abe and Mary are working on their math homework together when Abe has a
brilliant idea

Abe: 1 was just looking at this log function that we graphed in Falling Off A Log:
y =log,(x + b)

[ started to think that maybe I could just “distribute” the log so that I get:
y =log, x +log, b

[ guess I'm saying that I think these are equivalent expressions, so I could write it this way:
log,(x + b) = log, x +log, b

Mary: I don’t know about that. Logs are tricky and [ don’t think that you're really doing the same thing here
as when you distribute a number.

1. What do you think? How can you verify if Abe’s idea works?

2. If Abe’s idea works, give some examples that illustrate why it works. If Abe’s idea doesn’t work, give a
counter-example.

SDUHSD Math 3 College Prep
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Abe: I just know that there is something going on with these logs. Ijust graphed f(x) = log,(4x). Here it is:

o= N W b D N

-1 12 3 456 6 7 8 9 10111213 1415161718 19

It's weird because I think that this graph is just a translation of y = log, x. Is it possible that the equation of
this graph could be written more than one way?

3. How would you answer Abe’s question? Are there conditions that could allow the same graph to have
different equations?

Mary: When you say, “a translation of y = log, x” do you mean that it is just a vertical or horizontal shift?
What could that equation be?

4. Find an equation for f(x) that shows it to be a horizontal or vertical shift of y = log, x.
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Mary: [ wonder why the vertical shift turned out to be up 2 when the x was multiplied by 4. I wonder if it
has something to do with the power that the base is raised to, since this is a log function. Let’s try to see what
happens with y = log,(8x) and y = log,(16x).

5. Try to write an equivalent equation for each of these graphs that is a vertical shift of y = log, x.

7 ——
6 i
//
"
5 //
4
3
i)
1
0 N
-1 0 1 2 3 4 5 6 7 8 9 0 11 12 13 14 15 16 17 18 19 20 ’
-1
-2
a. y =log,(8x) Equivalent equation:
_—-—
7 I
/——-
—l
6 //

A 'd

b. y =log,(16x) Equivalent equation:
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Mary: Oh my gosh, I think I know what is happening here. Here’s what we see from the graphs:
log,(4x) = 2 + log, x
log,(8x) =3 +log, x
log,(16x) = 4 + log, x
Here’s the brilliant part: We know that log, 4 = 2,log, 8 = 3,log, 16 = 4. So:
log,(4x) =log, 4 + log, x
log,(8x) =log, 8 + log, x
log,(16x) =log, 16 + log, x
[ think it looks like the “distributive” thing that you were trying to do, but since you can'’t really distribute a
function, it’s really just a log multiplication rule. I guess my rule would be:

log, ab =log, a +1log, b

6. How can you express Mary’s rule in words?

7. s this statement true? If it is, give some examples that illustrate why it works. If it is not true provide a
counter example.

8. Use the above property to rewrite the following expressions as a single logarithm.

a. 3+logzx b. 5+logsx

Practice:

9. Rewrite each of the following as the sum and/or difference of logarithms (this is called expanding).
a. log(100xy) b. log,(64x) c. log;(2xyz)

10. Rewrite each as a single logarithm (this is called condensing).
a. logsx +logsy +logsz b. 8 +1log,x +log,y +log, z
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2.5 Warm Up
Transformations of Logarithmic Functions

Describe the transformation of the parent function (f (x) = logs x) for each problem. Then graph each
logarithmic function and identify the domain of the function.

1. f(x)=logz(x —4)

Describe the Transformation of the Parent Function:

~

Domain:

2. f(x)=2+1logzx

Describe the Transformation of the Parent Function:

T~

N

-2

-3

-4

Domain:
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2.5 Chopping Logs (Part 2)
A Solidify Understanding Task

Mary: So, [ wonder if a similar thing happens if you have division inside the
argument of a log function. I'm going to try some examples. If my theory works, then
all of these graphs will just be vertical shifts of y = log, x.

1. Here are Abe’s examples and their graphs. Test Abe’s theory by trying to write an equivalent equation
for each of these graphs that is a vertical shift of y = log, x.

X . .
a. y=1ogzz Equivalent equation:
3
2 [ —
|
1 _—.——
!
0 ] N
-1 0 1 2 4 5 6 7 8 g 10 11 12 13 14 15 16 17 18 19 20

X . .
b. =log, = Equivalent equation:
2g

3

2

1

e
0 et 5
-1 0 1 2 3 4 5/6/'7 8 9 0 11 12 13 14 15 16 17 18 19 20

-9 //
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2. Use these examples to write a rule for division inside the argument of a log that is like the rule that
Mary wrote for multiplication inside a log (see Mary’s argument prior to question 6 in the previous task).

3. Is this statement true? Ifitis, give some examples that illustrate why it works. If it is not true, provide a
counter-example.

4. Use what you have learned so far to fill in the blanks below that describe Abe’s thought process in
developing an additional log property.

Abe: You're definitely brilliant for thinking of that multiplication rule. But I'm a genius because I've used
your multiplication rule to come up with a power rule.

Let’s say that you start with: log, (x3)
Really that’s the same as having: log,(___ -+ )
So, I could use your multiplying rule and write: + +
[ notice that there are 3 terms that are all the same. That 3.
makes it: E—
So my rule is: log,(x3) = 3log, x

If your rule is true, then I have proven my power rule.

Mary: I don’t think it’s really a power rule unless it works for any power. You only showed how it might
work for a power of 3.

Abe: Oh good grief! Ok, I'm going to say that it can be any number x, raised to any power, k. My power rule is:
logz(xk) =k -log,x

5. Make an argument about Abe’s power rule. Is it true or not?
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Abe: Before we win the Field’s Medal for mathematics, | suppose that we need to think about whether or not

these rules work for any base.

6. The three rules, written for any positive base, b #+ 1, are:

Log of a Product Rule: log,(xy) =log, x +log,y
Log of a Quotient Rule: log, (5) = log, x —log, y
Log of a Power Rule: log,(x*¥) = k -log, x

Make an argument for why these rules will work in any positive base, b # 1, if they work for base 2.

7. How are these rules similar to the rules for exponents? Why might exponents and logs have similar

rules?

Expand each logarithm as much as possible.

gx4y7 k5
8. 10g2 ngy 9. logém

r? 64k3z6
10. 10g3 p7gt 11. 10g4W

Condense each logarithmic expression into a single logarithm.

12. log, h +4log,p — 3log, b 13. 5logz ¥y + 2logz v + logz d

14. 6logs g — 2logsr —4logsw 15. 2logg c —loge g — 4loget + 9logg x
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2.6 Log-Arithm-etic
A Practice Understanding Task

Abe and Mary are feeling good about their log rules and bragging about mathematical
prowess to all their friends when this exchange occurs:

P .

Stephen: I guess you think you're pretty smart because you figured out some log rules, but I want to know
what they’re good for.

Abe: Well, we've seen a lot of times when equivalent expressions are handy. Sometimes when you write an
expression with a variable in it in a different way it means something different.

1. What are some examples from your previous experience where equivalent expressions were useful?

Mary: [ was thinking about the Log Logic task where we were trying to estimate and order certain log
values. I was wondering if we could use our log rules to take values we know and use them to find values that

we don’t know.

For instance: Let’s say you want to calculate log, 6. If you know the values of log, 2 and log, 3, then you can
use the product rule and say:

log,(2-3) =log, 2 +log, 3
Stephen: That's great. Everyone knows that log, 2 = 1, but what is log, 37
Abe: Oh, I saw this somewhere. Uh, log, 3 = 1.585. So Mary’s idea really works. You say:
log,(2 - 3) =log, 2 +log, 3
=1+ 1.585
= 2.585
log, 6 = 2.585

2. Based on what you know about logarithms, explain why 2.585 is a reasonable value for log, 6.
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Stephen: Oh, oh! I've got one. I can figure out log, 5 like this:

log,(2 + 3) =log, 2 +log, 3
=1+ 1.585
= 2.585
log, 5 = 2.585

3. Can Stephen and Mary both be correct? Explain who'’s right and who’s wrong (if anyone) and why.

Now you can try applying the log rules yourself. Use the values that are given and the ones that you know by
definition like log, 2 = 1 to figure out each of the following values. Explain what you did in the space below
each question.

log, 3 = 1.585 log, 5 = 2.322 log, 7 = 2.807

The three rules, written for any base b > 1 are:

Log of a Product Rule: log,(xy) =logp x +log, y
Log of a Quotient Rule: log, G) = log, x —log,y
Log of a Power Rule: logy(x*) = k - logy, x
4. log,9 =
5. log, 10 =
6. log, 12 =
7
7. log, (5) =
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8. log, (?) =

9. log,486 =

10. Given the work that you have just done, what other values would you need to figure out the value of the

base 2 log for any number?

Solve the following equations. Be sure to check your solutions.

11. log,(x + 2) = log,(x — 5) 12. logs(x +4) =1
13. log, x + log,(x +6) =4 14. log,(4x + 7) = log,(11x)
15. 2 - logx = log 25 16. log(x — 4) + log(x + 1) = log(x — 8)
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Extension Problems:

Sometimes thinking about equivalent expressions with logarithms can get tricky. Consider each of the
following expressions and decide if they are always true for the numbers in the domain of the logarithmic
function, sometimes true, or never true. Explain your answers. If you answer “sometimes true,” describe the
conditions that must be in place to make the statement true.

17.log, 5 — log, x = log, (z)

18. log3 —logx —logx = log (%)

logx

19. logx —log5 = Togs

20. 5logx = logx®

21. 2logx + log5 = log(x? + 5)

22. %logx = logVx

23. log(x —5) = f}%
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2.7 Warm Up
Change of Base

Tia and Tehani were working on their homework assignment together and were becoming frustrated with
not being able to find the value of log, 3 without guess and check. Tehani said, “There has to be a way to do
this!” Tia agreed, “We’ve learned how a calculator can do so many things with common logs with base 10,
shouldn’t there be a way to change the equation so we can use the calculator?

Fortunately, there is a way to use properties of logarithms to find the value of a logarithm of any base. The
problems below will help you understand the Change of Base formula for logarithms.

1. Findlogg 16 = x by first rewriting in exponential form.

2. In each blank below, provide an explanation for the steps in the solution to logg 16 = x.

logg 16 = x “Original problem”
8* =16
log(8*) = log(16) “Taking the log of both sides”
x - log(8) = log(16)
log(16)
¥~ Tog(8)

1204119983 4

* = 0003089987 3

3. The previous problems both showed how to find the solution to logg 16 = x. Use the process shown in
problem 2 to find the solution to log, 3 = x.
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2.7 Powerful Tens
A Practice Understanding Task

Table Puzzles
1. Use the tables to find the missing values of x. For any value you are unable to find,
write an equation that could be used to find x.

a. b.
x y=10" x y = 3(10)*
-2 — 0.3
1 10 0 3
50 94.87
100 2 300
3 1000 1503.56
c d.
x y =logx x y =log(x+3)
0.01 -2 -2
-1 —-2.9 -1
10 1 0.3
1.6 7 1
100 2 3
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2. What strategy did you use to find the solutions to equations generated by the tables that contained
exponential functions?

3. What strategy did you use to find the solutions to equations generated by the tables that contained
logarithmic functions?

Graph Puzzles
4. The graph of y = 107 is given below. Use the graph to solve the equations for x and label the solutions.
a. 40 =107 T
x= _ 80
Label the solution with an A on the graph.
b. 107* =10
60
X=
Label the solution with a B on the graph.
40
c. 107*¥=0.1 \
X= - \ 20
Label the solution with a C on the graph. \
2 -1 o1 2 3 4 5 6 7 8 9
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5. The graph of y = —2 + log x is given below. Use the graph to solve the equations for x and label the

33

solutions.
a. —2+logx = -2 1
Q
X= 2 -1 o1 2 3 4 5 6 7 8 9 10 11 12
o , -1
Label the solution with an A on the graph. 1 L
b. —2+logx =-1 N /
X= =t
Label the solution with a B on the graph. -5
-6
c. —4=-2+logx

X=
Label the solution with a C on the graph.

d —-13=-2+logx
X=

Label the solution with a D on the graph.

6. Are the solutions that you found in #5 exact or approximate? Why?

Equation Puzzles:
Solve each equation for x. Show exact solutions and decimal approximations.

7. 10* =10,000 8. 125=10* 9. —(10**2) =16

10. 5(107*%) = 0.25 11.107*1 =~ 12. 10%+2 = 347

w
c\)—‘
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2.8 Warm Up
Exponential Equations

Solve each exponential equation by first changing the equation into logarithmic form and then use the
change of base formula.

1. 2¥t7 =5 2. 4-3*-2=14

3. 5%241=18

Solve each logarithmic equation by first changing the equation into exponential form

4, 2log,(x+1)=2 5. log(3x —3) =log(x +1) +log4
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2.8 Log Rolling

35

A Practice Understanding Task

1. Consider the function, f(x) = log; 9x.

a.
of y = log; x.

b. Graphbothy

X

Use properties of logarithms to show that the graph of f(x) is a vertical transformation of the graph

= logs x and f(x) = logs 9x on the same set of axes below.

N

Ry

7 8 9 10 11 12 13 14 15 16 17 18 19 20 |

C.

Solve the equation logz; 9x = 4. How can you use the graph of f(x) = logz 9x to solve the equation?

2. Consider the function, g(x) = log, x? — log, x.
a. Use properties of logarithms to express g(x) as a single logarithm.

b. Graph g(x) below.

<

7 8 9 10 11 12 13 14 15 16 17 18

C.
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Solve the equation log, x? — log, x = 1.5. How can you use the graph of g(x) to solve the equation?
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Name

Logarithmic Functions | 2.1

Ready, Set, Go!

Ready

Topic: Graphing exponential functions

=

Graph each function over the domain {—4 < x < 4}. Reminder: f(x) = b*~" + k has a horizontal

translation h units and a vertical translation k units.

1. y=2*

ey
4-3-2-101 23 4

5. y = 2x+1

SN W s e @

—————
4-3-2-101 23 4

2. y=2-2%

-4-3-2-101 2 3 4

6. y=2+1

O

s
4-3-2-101 23 4

s y=(3)

SN W s e @

—————
4-3-2-101 23 4

———
4-3-2-101 2 3 4

8. Compare graph #1 to graph #2. Multiplying by 2 should generate a dilation of the graph, but the graph
looks like it has been translated horizontally. How do you explain that? Hint: for question 2, use
properties of exponents to simplify the function to have only one base.

9. Compare graph #3 to graph #4. Is your explanation in #8 still valid for these two graphs? Explain.
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Set

Topic: Evaluating logarithmic functions

Arrange the following expressions in numerical order from smallest to largest. Do not use a

calculator. Be prepared to explain your logic. Note: log x is the same as log x.

A B C D E
10. log, 32 log; 343 logss 1 log,5 225 log;, 11
11. log; 81 logs 125 logg 8 log, 1 log 100
1 log19 1 log1 10
12. 103% 3 og% 108% > Ogé log, x
1 1 1
13. log, s logs : log, 3 08 o000 log, 1
14. log 200 log 0.02 log, 10 logzl—lO log, 200

Answer the following questions. If yes, give an example of the answer. If no, explain why not.

15. Is it possible for a logarithm to equal a negative number?

16. Is it possible for a logarithm to equal zero?

17. Does log, 0 have an answer?

18. Does log, 1 have an answer?

19. Does log, x> have an answer?
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Go

Topic: Properties of exponents

Write each expression as an integer or a simple fraction.

3
20. 11(—6)° 21. —372 22. %
0 1 1
4 9x3 1 _
23. - 2. = 25. (42xz) (6~*x2)
x3
E 2 7_2x7y4. 22—1x—6y—2
26. (2x4) 27. I 28. o
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Name Logarithmic Functions | 2.2

Ready, Set, Go!

Ready

Topic: Solving simple logarithmic equations

Find the answer to each logarithmic equation. Then write each logarithmic equation as an
exponential equation.

1. logs 625 = 2. logz243 =
3. log; 0.2 = 4. logy81 =
5. 1og1,000,000 = 6. log,x” =
Set

Topic: Graphing logarithmic functions

Graph each logarithmic function below.

7. f(x) =logs(x) 8. g(x) =logs(x+3)
9. f(x) =2+logs(x—1) 10. g(x) = —1 + logs(x + 2)
11. f(x) =1 +log,(x + 2) 12 b. g(x) =3-log,(x +2)

Lod s N
P T Y
Lod s N
P T Y
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Topic: Evaluating logarithms.

Evaluate each logarithm without the use of a calculator.

13. log 10 14. logg 64
15. log (=) 16. log 1000
17. log, 32 18. logs (5-)
Go

Topic: Power to a power rule with exponents

Simplify each expression. Answers should have only positive exponents.

19. (23)* 20. (x3)? 21. (a3)2
22. (b7)2 23 (M)(Wyz) 24. (23w)*
) " \20x3y2/ \30x°%y6 )

SDUHSD Math 3 College Prep



Name Logarithmic Functions | 2.3

Ready, Set, Go!

Ready

Topic: Solving exponential equations

Solve each equation by first rewriting the equations so the base(s) are the same.

1. 4% =32 2. 125% = 625
2-x — 1 = _

3. 5°7% = 4. 6+ =6

5. 8%+3 = 161 6. 4°=(2)""

7. 9% =4 8. 4%*+2 = gl~x
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Set

Topic: Transformations on logarithmic functions

Answer the questions about each graph.

9. a. Find xwhen f(x) = 0?
— B
| s b. Find x when f(x) = 1?
44
—3 -l"'"_- : —_—
3 //.——-‘ c. Find f(x) when x = 27
| -
0 d. Find xwhen f(x) = 3?
ENEEREREEEREE
—-2 [ e. What is the equation of this graph?
10. a. Find xwhen f(x) = 0?
— 6
| s b. Find x when f(x) = 1?
— 4
* 2 c. Find f(x) whenx = 9?
—1 1 f""—-—_
0 1 | d. Find xwhen f(x) = 2?
_—11 12 3 456 7 8 9 10
2 e. What is the equation of this graph?

Use the graph and the table of values for the graph to write the equation of the graph. Explain which
numbers in the table helped you the most to write the equation.

11.
—| 4 x y
2 1 -2
2 2 —1.369
0 |y 3 -1
f11_01‘ 2_34—t=C 7 5 9 10 0535
‘_2. —
T2 7 7 2288
L1, H 9 0
[ H
12.
] d Y
j: —2 Undefine
-, -1 0
L 0 0.63093
_—11012345678910’ 1 1
T, ] 5 1.7712
N 6 1.98
‘_4- 7 2
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Go

Topic: Power to a power rule with exponents

Simplify each expression. Answers should have only positive exponents.

2

2 . (4532 -3, 253 2a3b?

13. x2 - (x9) 14. m=3 - (m?) 15. (18a7b_4)
LG

16. (xs) X6 17. (5a3)2 18. (6x7b~*)°
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Name Logarithmic Functions | 2.4

Ready, Set, Go!

Ready

Topic: Fractional exponents

Write the following expressions with an exponent. Simplify when possible.

1. Vx 2. Yws
3. Y125m5 4. 3/9p8

Rewrite each expression with a fractional exponent. Then find the value of the expression.
5. logz V3 6. log, Y343

Set

Topic: Expanding logarithmic expressions

Use the properties of logarithms to expand the expression as a sum of logarithms. Simplify your
result wherever possible. (Assume all variables are positive.)

7. logs 7x 8. logs 10a 9. logxyz
10. log3(27x) 11. log, ny) 12. log,s(5a)
13. log(100x) 14. log (Tlooy) 15. log,(16xyz)
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Go

Topic: Writing expressions in exponential form and logarithmic form

Convert to logarithmic form.
16. 2° =512 17.107%2 = 0.01

Write in exponential form.
19.log, 2 = 20.log:3 = —1
3
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Name Logarithmic Functions | 2.5

Ready, Set, Go!

Ready

Topic: Fractional exponents

Write the following expressions with an exponent. Simplify when possible.

1. Vs? 2. V8ré
3. 3/(8x)? 4. \75x6

Rewrite each expression with a fractional exponent. Then find the value of the expression.

5. log, V4 6. logs V3125

Set

Topic: Expanding logarithmic expressions

Use the properties of logarithms to expand the expression as a sum or difference, and/or constant
multiple of logarithms. (Assume all variables are positive.)

7 logs% 8. logg x3

9. logs 9x? 10. log, (7x)*
11. logz Vw 12. logs xwﬂ

13. logsgyif 14. log, (xi:t)
15. log, (y:‘;) 16. log (1(?3;3)
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Topic: Condensing logarithmic expressions

Use the properties of logarithms to condense the expression into a single logarithm. (Assume all
variables are positive.)

17. logs3 — logsx 18. 3logg x + 4logg y

19. log, a + 3log, x 20. log, x +log, y —4 — 5log, z

21. log,(x + 6) + log,(x — 6) —5log, ¥y

Go

Topic: Writing expressions in exponential form and logarithmic form

Convert to logarithmic form.
22.37 =2187 23.107* = 0.0001

Write in exponential form.
24.logg 2 =+ 25.10g19 = —2
3
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Name

Ready, Set, Go!

Ready

Topic: Solving simple exponential and logarithmic equations

You have solved exponential equations before based on the idea that
a* =a’, ifand only if x = y.

You can use the same logic on logarithmic equations. log, x = log, y, ifand only if x = y.

Rewrite each equation so that the bases are the same on both sides. Then solve for x.

Example: Original equation Rewritten equation: Solution:
a. 3*=281 3% =34 x=4
b. log,x —log,5=0 log, x =log, 5 x=5
1. 3¥t* =243 0 _ 3\ _ 27
2. (3) =8 . (3) =%
4. log,x —1log,13 =0 5. log,(2x —4) —log,8=10 6. log,(x +2)—1log,9x =0
log2x _ . log(5x—1) -1 9, log5(*=2) _
log 14 log 29 log 625
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Set

Topic: Rewriting logs in terms of known logs

Use the given values and the properties of logarithms to find the indicated logarithm. Do not use a
calculator to evaluate the logarithms.

Given: log16 ~ 1.2 10. Find log> 11. Find log 25
log5~ 0.7 8
log8 ~ 0.9
12. Find log> 13. Find log 80 14. Find log—
Given: log;2 ~ 0.6 15. Find log; 16 16. Find log; 100
log35~= 1.5
17. Find logs 53—0 18. Find logs % 19. Find logs 486
20. Find log3 18 21. Find log3 120 22. Find 10g3¥
45
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Go

Topic: Using the definition of logarithm to solve for x.

Use your calculator and the definition of log x (recall:log x = log,x) to find the value of x. You may
want to reqrite each in exponential form first. Round your answers to 4 decimals.

23. logx = -3 24. logx =1 25. logx =0
26. logx = % 27.logx = 1.75 28.logx = —2.2
29. logx = 3.67 30. logx = > 31.logx =6

4
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Name Logarithmic Functions | 2.7

Ready, Set, Go!

Ready

Topic: Comparing the exponential and logarithmic graphs

The graphs of f(x) = 10* and g(x) = log x are shown in the T
same coordinate plane. Make a list of the characteristics of each 10
function. (Domain/range, increase/decrease, asymptotes, etc.) o1 —
1. f(x) =10* N R
-
el
5
4
2. g(x) =logx T
2 -
: —T 1 1 | |
0
-1 07 1 2 3 4 =] 6 7 8 9 10
-1 |

Each question below refers to the graphs of the functions f(x) = 10* and g(x) = log x. State whether
each statement is true or false. If they are false, correct the statement so that itis true.

3. Every graph of the form g(x) = logy, x will contain the point (1, 0).

4. Both graphs have vertical asymptotes.

5. The graphs of f(x) and g(x) have the same rate of change.

6. The functions are inverses of each other.

7. The range of f(x) is the domain of g(x).

8. The graph of g(x) will never reach 3.
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Set

Topic: Using logarithmic properties to evaluate logs

Evaluate the following logarithms.
9. log10 10. log10~7 11. log 1075 12. log 10*¥

13. logs 3° 14. logg 873 15. log,; 1137 16. log,, m"

You can use this property illustrated above to help you solve logarithmic equations. Note that this property
only works when the base of the logarithm matches the base of the exponent.

Topic: Solving logarithmic equations taking the log of each side.

Solve the equations by using a property of logarithms on both sides of the equation. You will need a
calculator. Round solutions to 3 decimal places.

17. 10™ = 4.305 18. 5™ = 0.316 19. 2™ = 14,521 20. 10™ = 483.059
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Topic: Expanding and condensing logarithms

Expand each logarithm.

243x7y*
21. logs v

Condense each logarithm.
23. 3log,w —5log, t —log, m

SDUHSD Math 3 College Prep
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22. log464—p

w3bp8

24. %log3 y —4logzq +5logz z +logz h
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Name Logarithmic Functions | 2.8

Ready, Set

Ready
Topic: Identifying domain

The following problems are intended to get you ready for the next module. Identify the domain of
each function.

1. fx)=vVx—6 2. f(x)=2(x+4)?2-7
3. f(x) =5+1log,(x+3) 4. f(x)=2*1-8

5. f() =

Set

Topic: Expanding and condensing logarithmic expressions.

Expand each logarithm.
6,,8
6. log, 64};;’ 7. log,Vvx —4

125x43/y?
8. 1og52x7—\/‘5/y_

Condense each logarithm.
9. 2logzx —4logzz—6logzy 10. %log4w + 5log,p —3log,t

11. 7log, 4 + 2log, v — 4log, z
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Topic: Solving logarithmic equations

Solve each logarithmic equation.

12. log,(2x + 8) = log,(6x — 12) 13. log(x — 3) = log(7x — 23) —log(x + 1)

14. log,(2x + 1) = log,(x — 3) + log,(x + 5)

Solve each logarithmic equation using the definition of a logarithm.
15. logx =6 16. log,x =8

17. log; x = =2

Topic: Solving exponential equations

Solve each exponential equation.
18. 2472 = 64 19. 9¥*+2 = 277

20.10* =15 21.10*** = 200

SDUHSD Math 3 College Prep
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Topic: Graphing logarithmic functions.

Graph each logarithmic function.
22. f(x) =logi(x + 3)
2

A

N W s

=y

-3 -2 -1 o1 2 3 4 5 6 7 8 9

N4

-1

-2

-3

-4

23. f(x) =2 +1log, x

™

o= N W A O O N

SN

-3 -2 -1 |01

10 11 12 13 14 15 16 17 18 19 |

RN

EESE

HEEEEEEEEN

24. f(x) = =3 +logz(x — 4)

_T

1
0

-3 -2 -1 |01 2 3 4 65 6 7 8 9

10

2

3

1

4

5

6

7

.

8

1

A

-1

-2

-3
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Module 3 Overview

Prerequisite Concepts and SKills:

Factoring quadratic expressions

Solving quadratic equations

Features of linear, exponential, radical, and quadratic functions (increasing, decreasing, domain,
range, intercepts, min/max)

Add/subtract/multiply polynomial expressions

Fundamental Theorem of Algebra (for linear and quadratic)

Complex roots

Summary of the Concepts & Skills in Module 3:

Introduce cubic functions and polynomial functions of higher degree

Understand end behavior of linear, exponential, radical, and polynomial functions
Add, subtract, and multiply polynomial functions using a graphical representation
Binomial expansion using Pascal’s Triangle

Applying the Fundamental Theorem of Algebra for polynomial functions of any degree
Use the Remainder Theorem to find linear factors and roots of polynomial functions
Division of polynomial functions by a linear factor

Content Standards and Standards for Mathematical Practice Covered:

Content Standards: F.BF.1, F.LE.3, F.IF.4, F.IF.4, F.IF.7, F.IF.9, ASSE.1, A.APR.1, A APR.2, A APR.3,
A.APR.5, N.CN.8, N.CN.9

Standards for Mathematical Practice:

1. Make sense of problems and persevere in solving them.

Reason abstractly and quantitatively.

Construct viable arguments and critique the reasoning of others.
Model with mathematics.

Use appropriate tools strategically.

Attend to precision.

Look for and make use of structure.

Look for and express regularity in repeated reasoning.

NN E WD

Module 3 Vocabulary:

e (Cubic function e Magnitude of functions
e Endbehaviorasx - o e Endbehaviorasx - —oo
e Roots e Binomial expansion
e Pascal’s Triangle e Fundamental Theorem of Algebra
e Remainder Theorem e Complex roots
e Irrational roots
Concepts Used In the Next Module:
o Features of functions e End behavior
e Polynomial division e Finding roots
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Module 3 - Polynomial Functions

3.1 Comparing growth rates of linear, quadratic, and cubic functions and recognizing that cubic functions can
be created from the sums of the terms of a quadratic sequence (F.BF.1, F.LE.3)

Warm Up: Linear and Quadratic Patterns

Classroom Task: Scott's Macho March Madness - A Develop Understanding Task

Ready, Set, Go Homework: Polynomial Functions 3.1

3.2 Determining the slowest to the fastest growing functions by ordering and comparing values as x approaches
infinity (F.LE.3, A.SSE.1, F.IF.4)

Warm Up: Boxing Day

Classroom Task: Which is Greater? - A Develop Understanding Task

Ready, Set, Go Homework: Polynomial Functions 3.2

3.3 Understanding end behavior and comparing end behavior of functions in different representations (F.IF.6,
F.IF.7, F.IF.9)

Warm Up: Graphing Function Operations

Classroom Task: All About Behavior - A Practice Understanding Task

Ready, Set, Go Homework: Polynomial Functions 3.3

3.4 Using graphical representations to add, subtract, and multiply polynomials (A.APR.1, F.BF.1)
Warm Up: This is the End

Classroom Task: Polynomial Connections - A Solidify Understanding Task

Ready, Set, Go Homework: Polynomial Functions 3.4

3.5 Determining the nature of roots and applying the Fundamental Theorem of Algebra. (A.APR.3, N.CN.9)
Classroom Task: The Expansion - A Develop Understanding Task
Ready, Set, Go Homework: Polynomial Functions 3.5

3.6 Review of multiplying polynomials using the box method and dividing polynomials using the box method
(A.APR.1)

Warm Up: Boxing it Up

Classroom Task: UnBoxing Polynomials — A Practice Understanding Task

Ready, Set, Go Homework: Polynomial Functions 3.6

3.7 Applying the Fundamental Theorem of Algebra (N.CN.8, N.CN.9, A.APR.3, F.IF.4, F.IF.7)
Warm Up: Bigger Boxes

Classroom Task: Seeing Structure - A Solidify Understanding Task

Ready, Set, Go Homework: Polynomial Functions 3.7

3.8 Using the Remainder Theorem to find all linear factors and roots of a polynomial function (N.CN.8, N.CN.9,
A.APR.2, A.APR.3,F.IF.7)

Warm Up: Boxing Match

Classroom Task: Graphing All Poly’s — A Solidify Understanding Task

Ready, Set, Go Homework: Polynomial Functions 3.8
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3.9 Using properties of polynomial functions to write equations (N.CN.8, N.CN.9, A.APR.2, A.APR.3)
Warm Up: It's All in Your Imagination

Classroom Task: Calling All Poly’s - A Solidify Understanding Task

Ready, Set, Go Homework: Polynomial Functions 3.9

3.10 Practicing all things related to graphing and solving polynomial functions (N.CN.9, A.APR.2, A.APR.3,
F.IF.7)

Warm Up: Begin Task

Classroom Task: I Know, What Do You Know? - A Practice Understanding Task

Ready, Set, Go Homework: Polynomial Functions 3.10
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3.1 Warm Up
Linear and Quadratic Patterns

Use the first and second differences to determine if each pattern is linear or quadratic. Then write the
explicit and recursive rules for each pattern.

1. 2.

n_| f(n) n_| f(n)

1 5 1 -3

2 3 2 0

3 1 3 5

4 -1 4 12

5 -3 5 21
Type of Pattern: Type of Pattern:
Recursive Rule: Recursive Rule:
Explicit Rule: Explicit Rule:
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3.1 Scott’s Macho March Madness
A Develop Understanding Task

Each year, Scott participates in the “Macho March” promotion. The goal of “Macho
March” is to raise money for charity by finding sponsors to donate based on the number of push-ups
completed within the month. Last year, Scott was proud of the money he raised, but was also determined to
increase the number of push-ups he would complete this year.

Part 1: Revisiting the Past

Below is the bar graph and table Scott used last year to keep track of the number of push-ups he completed
each day, with day one showing he completed three push-ups and day two showing he completed five push-
ups (for a total of eight completed push-ups at the end of day two). Scott continued the pattern seen in the
bar graph throughout the month.

] gn)
— n f(n) Cumulative number
I Day of Push-ups each of push-ups
Month day completed for the
] month
1 1 1 3 3
1 1 [ 2 5 8
— 1 3 7 15
e T e N 4 9 24
! 5 11 35
1 2 3 4 "

1. Write the recursive and explicit equations for the number of push-ups Scott completed on any given day
last year. Explain how your equations connect to the bar graph and the table above.

2. Write the recursive and explicit equation for the cumulative number of push-ups Scott completed on
any given day during the “Macho March” promotion last year.

SDUHSD Math 3 College Prep
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Part 2: Macho March Madness

This year, Scott’s plan is to look at the total number of push-ups he completed for the month on any
given day last year, and do that many push-ups on the same day this year. For example, on day one, he
will do three push-ups. On day two, he will do eight push-ups (the sum or total number of push-ups he
completed on day one and two from last year). On day three, he will complete push-ups. If Scott
follows this pattern, determine the following:

Use the results from the questions below to fill in the chart on the resource page
3. How many push-ups will Scott complete on day five? How did you come up with this number? Write the

recursive equation to represent the number of push-ups Scott will complete today based on the number
of push-ups he completed yesterday.

4. How many cumulative push-ups will Scott have completed for the month on day five?

5. Without finding the explicit equation, make a conjecture as to the type of function that would represent
the explicit equation for the cumulative number of push-ups Scott would complete on any given day this
year. Hint: look at the consecutive differences within a table of values.

6. How does the rate of change for this explicit equation compare to the rates of change for the explicit
equations in questions 1 and 2?

7. When looking at consecutive differences, how does the rate of change compare to the explicit equation
for the function.
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3.2 Warm Up
Boxing Day

Read through the example below to see how to multiply two polynomials using the “box method.” Then, use
the box method to multiply the polynomials in questions 1-4.

Example: Multiply (x2 + 3x — 7)(2x3 — 5x + 1)

Set up a box whose length and height will accommodate the terms in each polynomial. In this
case, we will use a 3 X 4 box (there will need to be an additional column for the 0x? term in
the second polynomial). One polynomial is listed along the left side; the other is listed across
the top (be sure to include any negative signs). Use the idea of finding area = length X height
to find the product that goes in to each cell.

Once the cells are all filled, write the sum

2x° 0x? —5x +1 of all the terms within the cells and
combine like terms.
x? 2x5 0x* —5x3 x?
2x% + 6x* — 14x3 — 5x3 — 15x2 + 35x +
+3x 6x* 0x3 | —15x? 3x x%+3x -7
7 | Z14x3 | oxz | 35x _7 2x° + 6x* — 19x° — 14x% + 38x — 7

(x?4+3x = 7)(2x3 = 5x + 1) = 2x° + 6x* — 1913 — 14x% + 38x — 7

Multiply the polynomials. Write the answer in standard form (descending order of powers).
1. (x2+3x—-1)(2x2—-5x—1) 2. (x®*-5)(x?+9x—8)

4, (2x—1)(x*—3x3+x%2—-5x+12) 5. 2x3+4+3x%2 —4x+2)(x3—=5x+7)
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3.2 Which is Greater?
A Develop Understanding Task

In previous mathematics courses, you compared and analyzed growth rates of polynomial
(mostly linear and quadratic) and exponential functions. In this task, we are going to
analyze rates of change and end behavior by comparing various one variable expressions.

1. Compare and contrast linear, quadratic, and exponential functions.

2. a. Write the following functions in order from least to greatest when the value of x is zero.
A(x) =x2-20 B(x) =x%—4x?+1 C(x)=x+30

D(x)=x*-1 E(x)=x3+x%2—-4 F(x) = —x?+ 3x

b. Do you think this order would change when x represents other numbers?

3. Write the same functions in order from least to greatest when x represents a very large number (this
number is so large, it is ‘close to’ or approaching positive infinity and is denoted as x — o).

4. Write the same functions in order from least to greatest when x represents a number that is
approaching negative infinity (as x — —o0).

SDUHSD Math 3 College Prep
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When comparing functions, how does the order change depending on the values of x (close to negative
infinity, zero, and close to positive infinity)? Hint: think about the degree of the function and where it is
located in each list.

Determine where you would insert the following functions in your list from question 3. Then rewrite
your list to contain all the functions.

Glx) = (%)x Hx) = 7 I(x) = —x5 J(x) = x K(x) = 2%

Now insert these same functions to your list from question 4 and rewrite the order.

Write your process for ordering one variable polynomial functions for both extremes (when x
approaches infinity as well as when x approaches negative infinity).

Discuss any other features of the functions you notice.

SDUHSD Math 3 College Prep
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3.3 Warm Up
Graphing Function Operations

Use the graphs of f(x), g(x), and h(x) to sketch the graphs of the following:

1. f(x)+g(x) 2. f(x)-g(x)
/
/l
/1) / /1) /
aw/l 9w/
/ /
3. h(x)— f(x)
‘hf \ 1 y
\ I
\ /
\ [
\ /
\
\
\ /
/

f(x)

4. Complete each sentence below.
a. The sum or difference of two linear functions is...

b. The product of two linear functions is...

c. The sum or difference of a linear function and a quadratic function is...
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3.3 All About Behavior
A Practice Understanding Task

Part 1: For each situation:
e Determine the function type. If it is a polynomial, also state the degree of the
polynomial and whether it is an even degree polynomial or an odd degree

polynomial.
o For each, state the end behavior based on your knowledge of the function Use the format:
Asx = —oo, f(x) — andasx = oo, f(x) =

Use the graphs below to determine the type of function, degree, if the degree is even or odd, and
describe the end behavior of each function.

1. 2.
/
/
T / T
/
/
/
1 / 1
95765-4-&—2-1UOV/‘2 4 8 9 -8 -7 -6 -5 -4 -3 -1001 4 8
:1 / M |:1 l
, ARV
/s [N
/. ‘% |
et SEifisEY
/ | M
Type of function: Type of function:
Least Degree: Least Degree:
Even or Odd Degree: Even or Odd Degree:
End Behavior: End Behavior:
asx = —oo, f(x) > ____ asx — —oo, f(x) > ____
asx - oo, f(x)—>___ asx > oo, f(x) > _____
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Type of function:
Least Degree:
Even or Odd Degree:

End Behavior:
asx = —oo,f(x) —

asx - oo, f(x) -

[——
|

——

e
L ®
w

Type of function:
Least Degree:
Even or Odd Degree:

End Behavior:
asx - —oo, f(x) -

asx = oo, f(x)—>___

SDUHSD Math 3 College Prep

| \
[ N
| \
| ) \
! |

Type of function:
Least Degree:
Even or Odd Degree:

End Behavior:
asx = —oo, f(x) —

asx - oo, f(x) =

Type of function:
Least Degree:
Even or Odd Degree:

End Behavior:
asx - —oo, f(x) -

asx 2 oo, f(x)>__
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7. f(x) =3+2x
Type of function:

Degree:
Even or Odd Degree:

End Behavior:

10. f(x) =x3+2x2 —x+5
Type of function:

Degree:
Even or Odd Degree:

End Behavior:

13. f(x) = =2(x—3)(x + 4)
Type of function:

Degree:
Even or Odd Degree:

End Behavior:

SDUHSD Math 3 College Prep

8. f(x)=x*-16
Type of function:

Degree:
Even or Odd Degree:

End Behavior:

11 f(x) = —2x3 4+ 2x2—x +5
Type of function:

Degree:
Even or Odd Degree:

End Behavior:

4. f(x) =Vx -3

Type of function:
Degree:
Even or Odd Degree:

End Behavior:

14
fx) =3*

Type of function:
Degree:
Even or Odd Degree:

End Behavior:

. f(x) =log, x

Type of function:
Degree:
Even or Odd Degree:

End Behavior:

15. f(x) =3(x—D(x +2)(x—4)

Type of function:
Degree:
Even or Odd Degree:

End Behavior:
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Part 2: Use the functions from questions 1-15 to answer the following. Write a short explanation for each
answer.

16.

17.

18.

19.

20.

21.

22.

23.

Compare questions 10 and 11: Which has the greatest value as x — o?

Compare questions 3 and 12: Which has the greatest value as x — 00?

Compare questions 1 and 14: Which has the greatest value at as x — oo?

Compare questions 8 and 10: Which of these two polynomials has the highest degree?

Compare questions 4 and 13: Which has the highest maximum value?

Compare questions 10 and 14: Which has the greatest average rate of change over the interval [15,20]?

Compare questions 3 and 5: Which grows faster as x — o0?

Extension: Create three comparison questions of your own (be sure you know the answer).

SDUHSD Math 3 College Prep



3.4 Warm Up
This is the End
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State whether the given graph is a polynomial, the least degree (if possible), whether the degree is even or
odd, and the end behavior. Be sure to use correct notation (As x — +oo, f(x) — to0).

a.

Type of function:
Least Degree:

Even or Odd Degree:
End Behavior:

as x » —oo, f(x) -
asx = oo, f(x) =

J
/

d.

Type of function:
Least Degree:

Even or Odd Degree:
End Behavior:

as x » —oo, f(x) —
asx — oo, f(x) =

SDUHSD Math 3 College Prep

b.

a

Type of function:
Least Degree:

Even or Odd Degree:
End Behavior:

as x » —oo, f(x) -
asx - oo, f(x) =

Type of function:
Least Degree:

Even or Odd Degree:
End Behavior:

as x = —oo, f(x) -
asx — o, f(x) =

C.

Type of function:
Least Degree:

Even or Odd Degree:
End Behavior:

as x » —oo, f(x) =
asx = oo, f(x) =

/

Type of function:
Least Degree:

Even or Odd Degree:
End Behavior:

as x » —3,f(x) »
asx - o, f(x) =
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3.4 Polynomial Connections
A Solidify Understanding Task

This task is about using what we know to make conjectures about features of
polynomial functions.

Use the graphs above to complete questions 1—6. On the same set of axes,
graph the solution to each question. Record observations about the relationship(s) between the
original functions and the new function.

1. f(x)+pk) 2. f+m
Note: f + m = f(x) + m(x)
i/ \ |
/ m(a\
\ i
/ -
4 \ /
/ \ //
7
/1 L/
/
/,
v
) VJM vl
Y/ |
Observations: Observations:
3. f—h 4. fh
h(:r!) h(r!)
(0, x),/1
| |
Observations: Observations:

SDUHSD Math 3 College Prep
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5 f-g-p 6. f(x) -g)-h(x)
h()(!)
s /
P4
./
/
Y/
/) /) N |
WY )
/o3
Observations: Observations:

7. Describe your strategy for combining functions graphically. What methods did you seem to use more
often?

8. Based on your experience in this task, describe the results when you add, subtract, or multiply linear
functions. Make as many conjectures about the results of adding, subtracting, and multiplying linear
factor equations and the resulting polynomials as possible.

SDUHSD Math 3 College Prep
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3.5 The Expansion
A Develop Understanding Task

Polynomial functions have interesting characteristics. The degree of the polynomial not
only tells us information about the end behavior of the function, it also tells us about the
number of roots. This idea is called the Fundamental Theorem of Algebra.

The theorem states:

An nth degree polynomial function has n roots.

You have seen how all linear functions have 1 root (in this case, it was the x-intercept),

01 2 3 45

quadratic functions have 2 roots (these were sometimes the x-intercepts, but could also
be imaginary). You found that a was a root of a function if f (a) = 0.

0
R P R e S e Il
bdibbibd floanaw

Here is an example:

f(x) = x?> —3x — 18 has roots x = —3 and x = 6 because f(—3) = 0 and f(6) = 0.
The graph at right illustrates the roots of f(x):

Part 1:
As we move onto polynomials with degree greater than two, let’s see if The Fundamental Theorem of
Algebra holds true for all polynomial functions. Make a conjecture as to the shape of each function and
sketch this conjecture on the graph below. Note: in question 7, you will be testing your conjectures using
technology.

1. f(X)=(x+1D(x-2) 2. f(x) =x(x+1)? 3. f(x)=(x+1)?*(x—2)>2

Conjecture: Conjecture: Conjecture:

SDUHSD Math 3 College Prep
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4, fx)=x+1 5. f(x)=(x+1)2 6. f(x)=(x+1)3

Conjecture: Conjecture: Conjecture:

7. Once you have made a conjecture about the graphs, confirm your solutions (using technology) and
sketch the graph in a new color on the same set of axes. How were your conjectures confirmed? What
do you need to adjust?

8. Describe the number and types of roots of each function from questions 1-6. How does this match what
you know about polynomials and the Fundamental Theorem of Algebra?

fl) =@ +1Dx-2) fO) = x(x +1)° fO) =+ 1D?(x—2)

f)=x+1 fO) = (x + 1) fO) = (x+1)°

SDUHSD Math 3 College Prep
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9. Without using technology, sketch the graph of each function. Be sure to accurately show what happens
along the x-axis for each.

a. f(x)=(x-3)%(x+5) b. glx) = —%x(x +1)3 c. h(x)=xQx+1)?(x-1)

10. Find a possible equation for the given graphs.

a. b. C.

SDUHSD Math 3 College Prep



3.6 Warm Up
Boxing it Up

22

Use the box method to multiply the polynomials below.

1. 2x2+3x—-1)(3x+2) 2. (4x?>-5x+1)2x—13)

SDUHSD Math 3 College Prep



3.6 UnBoxing Polynomials
A Practice Understanding Task

Rocky and Mickey were working on their math homework together and came across a
problem that had them puzzled.

Rocky said “Yo, it gives us the answer here, we just need to find the question.”

Mickey replied, “You're right! In previous problems, we knew the two factors and used a box to find the
product. If we can use a box to multiply, we should be able to use a box to find out the factor.”

“But how?” asked Rocky. “You might have to coach me through this one.”
Here’s the problem they were working on:
The product of two polynomials is x3 + 7x* + 7x — 15. One of the factors is x + 3. Find the other factor.

Mickey drew the box below and placed x3and —15 in the box as shown.

-15

1. How did Mickey know that these terms were in the correct location?

2. He then filled in some terms along the outer edge of the box:

x? -5

+3 -15

a. Explain how you know that the x2 and —5 terms can be added to the top of the box as shown?

b. Use what you have learned about polynomial multiplication using the box method to help Rocky and
Mickey find the values missing from each cell as well as the remaining expression across the top.

x? -5

+3 -15

3. From the work in questions 1 and 2, show the complete factorization of x> + 7x% + 7x — 15.

SDUHSD Math 3 College Prep
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4. Use the box method that was developed above to divide the following polynomials:

a. (x3—2x?2-23x+60)+ (x—4)

b. (2x3 + 14x? + 19x — 20) + (x + 4)

The problems above involved polynomial division that resulted in no remainder. We can use the results of
the division to write the polynomial in factored form.

5. Use the results above to express each polynomial in factored form (if possible, factor completely):

a. x3—2x?2-23x+60=

b. 2x3 4+ 14x% +19x — 20 =

SDUHSD Math 3 College Prep
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We have been working with operations on polynomials throughout this module. The results of adding,
subtracting, and multiplying were viewed algebraically as well as graphically. In a way, these operations on
polynomials are similar to the corresponding operations on integers. When we add or subtract two
polynomials, the result is another polynomial. Multiplying two polynomials gives us a new polynomial. The
set of all polynomials and the set of all integers are closed under addition, subtraction, and multiplication.

6. Explain the above statement in your own words.

Polynomial division (like division with integers) does not always result in zero as a remainder. When
dividing integers, we were able to express the quotient using fractions (example: 5 +3 =1 5).

We can do the same with polynomial division. See if you can figure out how this works with the division
problem below.

7. (2x3+x?*—-8x+5)+(x+3)
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Additional Practice Problems

For each problem below, divide using the box method. You may not need all of the cells of the boxes

provided. If there is zero remainder, rewrite the polynomial in factored form (factor completely where
possible).

1. 2x2-=7x+10)+ (x—5)

2. (x3—10x%+19x + 30) = (x — 6)

3. (x3+2x?*-51x+108) + (x +9)

SDUHSD Math 3 College Prep
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4, (2x3—15x2+34x—21)+ (x— 1)

5 (x*—5x3—-8x?+13x—12) + (x — 6)

6. (x3-5x2-2)+(x—4)

SDUHSD Math 3 College Prep
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3.7 Warm Up
Bigger Boxes

In the last task, you used polynomial division for linear divisors. The problems below extend your work with
nonlinear divisors.

You'll need bigger boxes for these problems. Be sure to look out for any missing terms.

1. (6x3+13x%2 —11x —15) + (3x2 —x — 3) 2. (18x*+9x3+3x%) + (3x2+1)

SDUHSD Math 3 College Prep



3.7 Seeing Structure
A Practice Understanding Task

Claire and Carmella were having a discussion about how easy it is to graph polynomial
functions. Claire stated: “All you need to know to sketch the graph of a polynomial function is
the degree of the polynomial. The degree will tell you the end behavior and the number of
times the graph will cross the x-axis.” Carmella mostly agreed, however, she thought there
was something not quite right with this statement.

1. Modify Claire’s statement about sketching the graph of a polynomial function:

http:/ /www.flickr.com/photos/nguyendai /479560639

For each function, identify the end behavior, intercepts, and roots (including the multiplicity) of the
function.

2. Equation: f(x) = —x(x — 2)(x — 4) Graph:

Roots (including multiplicity):

Intercepts:

O—= N W Hh OO N @O

Leading coefficient:

Degree: -2

End behavior:

Asx — —oo, f(x)> 5
7
Asx — oo, f(x) - -8
- -9
3. Equation: f(x) = (x — 1)(x% + 4x + 4) Graph:

Roots (including multiplicity):

Intercepts:

O—= N W Hh OO N @O

Leading coefficient:

Degree: -2
3
End behavior: ::
Asx —» —oo, f(x) > 5
7
Asx > oo, f(x) > 8

SDUHSD Math 3 College Prep
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4, Equation: f(x) = x3 — x?

Roots (including multiplicity):

Intercepts:

Leading coefficient:

Graph:

O—= N W Hh OO N @O

9 -8-7-65-4-3-2-1 [01 6 78 9
Degree: 2
-3
End behavior: ::
Asx - —oo, f(x) > 5
7
Asx - oo, f(x) - ':
5. Equation: f(x) = x* — 16 Graph:
Hint: x* — 16 = (x? + 4)(x? — 4)
. . s 18
Roots (including multiplicity): 16
14
12
10
Intercepts: 2
4
2
2 >
-0 -8 -7 6 5 -4-3-2-1]01 6 789
Leading coefficient: 2
-4
-
Degree: 8
10
End behavior: 12
Asx - —oo, f(x) — 4
16
18
Asx - oo, f(x) =
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6. Equation: f(x) = x* + 2x3 Graph:
Roots (including multiplicity): 9
8
7
6
5
Intercepts: 4
3
2
1
0
Leading coefficient: ©8-765-4-32-1]0123 4
-2
Degree: -3
-4
End behavior: :Z
Asx —» —oo, f(x) —> 7
-8
Asx > oo, f(x) > -9
7. Equation: f(x) = x3 —x? +5x—5 Graph:
Hint: x = 1isaroot
. . e 9
Roots (including multiplicity): o
7
6
5
Intercepts: g
2
1
4]
Leading coefficient: i TrcR U S
-2
] -3
Degree: 4
-5
End behavior: -6
Asx » —oo, f(x)> 7
-8
9
Asx - oo, f(x) =

8. Explain how you are able to graph a polynomial that is not already in factored form?

9. Ifyou know one root of a cubic function, how do you find the other roots? Explain.

10. Return to question 1. Make any additions/alterations to your statement(s).
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3.8 Warm Up
Boxing Match

32

Use the box method to perform the following operations (you will need to draw your own boxes):

1. (6x3+13x%2 —4x —15) + (2x + 3) 2. (x3—=7x*+3x)-(3x+2)

3. (x=5x%*-7x+1) 4, (3x3+20x?—-2x+35)+(x+7)
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3.8 Graphing All Poly’s
A Solidify Understanding Task

Part I: Connecting the number system to polynomials.

1. Write everything you know about the following polynomial:

9

Af

—
——t—

LA b A oo

'
—~—

— |

b b N b b

2. In case this was not part of what you wrote in question 1, use function notation to highlight values of
importance for this function. (For example: f(0) = 6)

3. How can we use the original function and one of its factors to find the remaining factors and sketch a
graph? Use the problem below to explain your method.

f(x) = x3 + 4x? + x — 6 has 